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EFFICIENT ELASTIC-PLASTIC DESIGN 
OF SMALL FOUNDATIONS 


INTRODUCTION 
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LIMIT ANALYSIS 


A. Bending Effects 
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The followng summanzes the major assumptions associated with the proposed elastic-plastic 
le an met Poe 


1 Fre eaurpment-foundation combination is modeled as a SDOF system. 
* fhe foundation behaves as an clastic perfectly plastic material. 


> Bamet analyare os appheable for finding the plastic hinges. The collapse load is modified by Eq. 
C1) tt aesnent For whe mnteraction effects between shear forces and bending moments. 


a The caleulated energy storage capacity of the foundation is underestimated as noted by Eqs. 
ie) eee iy 


3 fhe equipment docs not absorb energy. 


6 the collapse mechanism is not formed so that deflections remain small. 


the propeeed method has been developed as a practical approach for designing lightweight foun- 
(dations for equipement subjected to a shock environment. The method is an extension of the elastic 
fecraty method reported carticr (t]. An appreciable improvement is experienced in the allowable equip- 
rrverst werght that may be carned under vertical shock loading when the structural foundation undergoes 
ave phantic deformation. Another viewpoint of the results is (he corresponding dramatic weight reduc- 
reve oF Feeandetions that are possible by the proposed elastic-plastic design method without compromis- 


ree tie dhovk design goes. 


See Saat a cael 
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Appendix A 
LIMIT ANALYSIS OF A PROPPED CANTILEVER BEAM 


Consider the propped cantilever beam in Fig. A-1 that is 90 units long and is made of an elastic 
perfectly plastic material. {ft is loaded at its third points by equal concentrated loads P and we wish to 
establish the beam's load carrying capacity using limit analysis. 


For this beam two plastic hinges will form when the beam experiences a collapse mechanism. {t 
is assumed that only bending contributes to the formation of these plastic hinges. 


Assume hinges develop at points | and 2. Using the Principle of Virtual Work and the collapse 
mechanism of Fig. A-2a, 
Work of Forces = pa + Pi = ie = 90 Pp 
and the 


Work of Moments = M@ + M(20) + M(26) = 5 Mé. 
Equating these work expressions, 
M = \8 P. 


The structure is now statically determinate and the reactions are calculated as shown in Fig. A-2b. The 
moment diagram is shown in Fig. A-2c where we observe that the moment at point 3 exceeds the cal- 
culated collapse moment of 18 P. Therefore, the true collapse mechanism was not found. However, 
the force P = M/24 must be a lower bound to the true collapse mechanism. 


If all of the moment values of Fig. A-2b were reduced proportionately such that at point 3 the 
maximum moment is 18 P, then the statically admissible moment diagram results as shown in Fig. A- 
2c. However, there is only one hinge «at point 3) which is not sufficient 10 cause the beam to collapse. 
This must be, however, another bound so that 


M, <P.< Mn (A.1) 
24 ‘ 18 , 
where P. = collapse load 
M, = plastic hinge moment. 
Or, in equation form, 
_ 7+ DM, (A.2) 
C1440 


Next, assume hinges develop at points | and 3 as shown in Fig. A-3a. Now 


Work of Forces = P8 + PS Z ae = 90 Pe 


and the 
Work of Moments = M(26) + M(@) + M(@) = 4M@. 


1 


Equating once again, 
M=22.5 P 


The structure is now statically determinate and the reactions can be calculated with the results shown in 
Fig. A-3b. The shear and moment diagrams are shown in Figs. A-3c and 3d. Note that the maximum 
moments occur al the locations of the assumed hinges so that the true collapse load has been found. 
Returning to Eq. (A.1) and inserting the true collapse load, 


Me Me Mp 

24 22.5 18 

which shows that the previous calculations for the assumed collapse mechanism in Fig. A-2 were indeed 

upper and lower bounds. 
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Appendix B 
ELASTIC-PLASTIC INTERACTION EFFECTS 


An examination of the literature dealing with the interaction effects among axial forces. shear 
forces, and bending moments in the plastic analysis of framed structures (4.6-9] reveals considerable 
activity over twenty years ago. Ht is apparent that no definitive result for this complex problem has 
evolved to date. However, there is sufficient information available from which the following conserva- 
tive interaction relationship has been developed: 


)-f-ai-ial-lel) 


M =bending moment present 

M, =limiting value of the bending moment in the absence of 
shear and axial forces 

D =axial force present 

D, =\imiting value of the axial force in the absence of 
bending and shear 

S  =shear force present 

S, = limiting value of the shear force in the absence of 
axial forces and bending 


where 


It is interesting to observe that if the axial force is not present. Eq. (B.1) reduces to the following 
expression proposed by Hodge [7] between bending and shear: 


2 2 
M S 
| =i1-|—]. (B.2) 
Also, if the shear force can be neglected. Eq. (B.1) reduces to the relationship proposed by Phillips [4] 
when the bending moment and axial force are present: 


fella] s 


Figure B-{ is a sketch of Eq. (B.1). Note that the type of curve on each of the three orthogonal 
planes are labeled, namely. a circle on the moment-shear force plane. a circle on the axial force-shear 
force plane, and a parabola on the moment-axial force plane. While Eq. (B.1) does not appear in the 
literature, each of these two-dimensional cases has been proposed by other researchers. 
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Appendix C 
REDUCED MOMENT OF INERTIA 


As the loads on a structure approach the collapse Joad condition, the plastic region grows along 
the length of the structural member where the plastic hinge (s) will ultimately form. For example, Fig. 
(C-1) shows a simply supported beam of rectangular cross-section loaded by 4 concentrated load P in 
case A and a uniformly distributed load g in case Bo Assuming that the plastic zone covers the upper 
and lower quarter of the cross-section at the center of cach beam, and neglecting shear effects. we 
observe that the elastic-plastic zones measure 0.272 L for case A and 0 $22 £ for case B as indicated by 
the shading of the beam. Consequently, for the elastic-plastic conditions shown in big (C-) we have a 
reduced moment of inertia J, present in the plastic zones. ft can be shown that [4] 


=o U+2y, 8, (cu 


where 


21, = moment of inertia of the elastic region of the cross-section 

with respect to the neutral axis. note that this is fess than 

the moment of inertia of the total depth of the beam when it is fully elastic 
yy, ™@ distance of the elastic-plastic boundary from the 

neutral axis of the beam 
S, = statical moment of the plastic region below the neutral 

axis taken with respect to the acutral axis of the beam 


For example, the reduced moment of inertia at the center of the beams undergoing bending effects 
only in Fig. (C-1) is obtained as follows: 


bh‘ 3 bh? h 
2/, % 5, 5) eer 
Substituting into Eq. (C.1), 
May! 
te gy OF: 
This compares with the fully-elastic moment of inertia of 
Lous 
tf 12 bh 


or a 31.25% reduction in the moment of inertia at the center of the beam. 


The reduced moment of inertia phenomenon, which should include the interaction effects 
between shear and bending. is not treated in the calculations for the bending energy stored in the 
propped cantilever beams. This means that 

f' Mm dx 2 é Mm dx 
9 QEI 0 2 El, 


so that the bending energy calculated is less than that which is available during elastic-plastic deforma- 
tion. 
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